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Problem 4 [20 points]

Let V = {(x,y,2) € R* : z + 2y + 2z = 0}. Consider the following linear transformation
T projection of vectors in R? onto V.

Part a. If P is the usual 3 by 3 projection matrix (i.e., the matrix of the linear trans-
formation 7' using the standard basis), find three eigenvalues and three independent
eigenvectors of P. (Hint: No need to compute P).

Solution: We recall from class that the null space N(P) = P+. Since P has a nonzero
nullspace and the nullspace is the eigenspace of A = 0, we know 0 is an eigenvalue, and

it has a basis which is any basis for P*.
1 1
Since P = N([1 2 1]), we sce that PX = C(|2]), so |2]| is a basis for the
1 1
eigenspace of 0.
We also recall that for any vector ¢ in V', Py = ¥ (this is because the closest point in
V to ¥ is v itself!), so V' is in the eigenspace of A = 1, but V is two dimensional, so it
must be the entire eigenspace of 1, so 0 and 1 are the only eigenvalues, and a basis for
the eigenspace of 1 is any basis of V.
—2 1
The basis we choose for the eigenspace of 1is {| 1 |, | 0 |}.
—1
Part c. Find an orthonormal basis V for V.

Solution. Applying Gram—Schmidt to the above basis, we first get an orthogonal basis

=) 17,2
ﬁl == 1 ,ﬁg = 0 - ? 1
0 —1 0
—2 1
Normalizing, we get ¢, = \/ig 1|,@= \/L:To 2
0 -5



Part d. Find the matrix of the linear transformation 7" when the input basis is U,

1 2 1
Z/l - {ﬁl,ﬁ27ﬁg} - { O 5 —1 5 2 },
—1 0 1

and the output basis is V.

Solution. We calculate the projection of each of the basis vectors u onto P, using the
nice formula for projection onto space using an orthonormal basis for that space.

projvis = (U1 - ¢1)¢ + (U1 - ¢2)

the coefficients of this form the first column of the matrix of the linear transformation.
So the whole matrix of the linear transformation is

Up-q1 U2-¢q1 U3-q1
Uy - G2 U2-G2 U3- (2

(Final step: compute these dot products and enter them into the matrix)



Problem 5 [20 points]

In each of the following cases, clearly mark the statement as true or false. Please also
explain your answers in order to receive credit for this problem.

1. If A is a 3x3 matrix with determinant 1, then 2A has determinant 6. Solution:
False; counterexample: A = Id has determinant 1, but

2 0
2A= {0 2
00

N OO

has determinant 8.

has an eigenvalue equal to 9. Solution: Call this matrix A.

= O N
N W =

1
2. The matrix |3
2

So we want to check if det A—91 is zero or not. If it is zero, then 9 is an eigenvalue.
If not, 9 is not. You can row reduce the matrix det A — 91 to a matrix with a zero
row, so the determinant is zero and TRUE, 9 is an eigenvalue.

3. An square matrix with orthonormal columns always has orthonormal rows. Solu-
tion: True: since the columns are orthonormal, AT A = Id but since A is square,
this means AT = A~! so AAT = Id. But this means the columns of AT are
orthonormal. So the rows of A are orthonormal.



4. Let A be an n by n matrix. If n is odd and A is skew-symmetric (i.e., AT = —A),
then A is not invertible. Solution: True: factoring the -1 out of each row, we see
det(AT) = det(—A) = (—=1)"det(A) = (—1)" det(AT) (we recall the determinant of
the transpose is equal to determinant of original matrix). Since 7 is odd, this means
det(AT) = —det(AT), so the determinant must be zero so A is not invertible.

5. A 2 by 2 real matrix that rotates every vector 90° cannot have any real eigenvalues.
Solution: True: rotation by 90 degrees does not send any vector to 0, so the matrix
cannot have any eigenvectors with eigenvalue 0. And A cannot have eigenvectors
with eigenvalue 1, since those would be fixed points Ax = z, and rotation by 90
degrees does not send any points to itself; nor can it have eigenvalue —1 since
sending x to -x is not rotation by 90 degrees. Also, A cannot have real eigenvectors
with eigenvalue A for other values of A, since that means rotation would scale the
length of the vectors by |A|, but rotation doesn’t change the lengths.



