










Fourier transforms

Motivation and definition

Up to now, we’ve been expressing functions on finite intervals (usually the interval
0 ¤ x ¤ L or �L ¤ x ¤ L) as Fourier series:

fpxq � a0 �
8̧

n�1

an cos
�nπx
L

	
� bn sin

�nπx
L

	

where

a0 � 1

2L

» L

�L

fpxq dx

and

an � 1

L

» L

�L

fpxq cos
�nπx
L

	
dx, bn � 1

L

» L

�L

fpxq sin
�nπx
L

	
dx.

We also occasionally thought about the complex exponential version of Fourier series:
Since eiθ � cos θ � i sin θ and e�iθ � cos θ � i sin θ, or equivalently

cos θ � eiθ � e�iθ

2
and sin θ � eiθ � e�iθ

2i
,

we can rewrite the above series as:

fpxq � a0e
0ix �

8̧

n�1

an
enπix{L � e�nπix{L

2
� bn

enπix{L � e�nπix{L

2i

� a0e
0ix �

8̧

n�1

an � ibn
2

e�nπix{L � an � ibn
2i

enπix{L

�
8̧

n��8

cne
nπix{L

where

cn �

$'&
'%

1
2
pan � ibnq for n ¡ 0

a0 for n � 0
1
2
pa�n � ib�nq for n   0



2 fourier transforms

Using the formulas for an and bn given above, we see that, for n ¡ 0.

cn � 1

2
pan � ibnq

� 1

2L

» L

�L

fpxq cos
�nπx
L

	
dx� i

2L

» L

�L

fpxq sin
�nπx
L

	
dx

� 1

2L

» L

�L

fpxq
�
cos

�nπx
L

	
� i sin

�nπx
L

	�
dx

� 1

2L

» L

�L

fpxqe�nπix{L dx.

If n   0 we have

cn � 1

2
pa�n � ib�nq

� 1

2L

» L

�L

fpxq cos
�
�nπx

L

	
dx� i

2L

» L

�L

fpxq sin
�
�nπx

L

	
dx

� 1

2L

» L

�L

fpxq
�
cos

�nπx
L

	
� i sin

�nπx
L

	�
dx

� 1

2L

» L

�L

fpxqe�nπix{L dx

because cosine is an even function and sine is odd. So the same formula works for all
the coefficients (even c0) in this case and we have

fpxq �
8̧

n��8

cne
nπix{L where cn � 1

2L

» L

�L

fpxqe�nπix{L dx.

Equivalently, we could write:

fpxq �
8̧

n��8

1

2L
cne

nπix{L where cn �
» L

�L

fpxqe�nπix{L dx.

What we want to do here is let L tend to infinity, so we can consider problems on
the whole real line. To see what happens to our Fourier series formulas when we do
this, we introduce two new variables: ω � nπ{L and ∆ω � π{L. Then our complex
Fourier series formulas become

fpxq �
8̧

n��8

∆ω

2π
cne

iωx where cn �
» L

�L

fpxqe�iωx dx

and the n in the formula for cn is hiding in the variable ω. We can rewrite these as

fpxq �
8̧

n��8

cωe
iωx∆ω

2π
where cω �

» L

�L

fpxqe�iωx dx.
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The variable ω � nπ{L takes on more and more values which are closer and closer
together as L Ñ 8, so cω begins to feel like a function of the variable ω defined
for all real ω. Likewise, the sum on the left looks an awful lot like a Riemann sum
approximating an integral. What happens in the limit as LÑ 8 is:

fpxq � 1

2π

» 8

�8

cpωqeiωx dω where cpωq �
» 8

8

fpxqe�ixω dx.

The formula on the right defines the function cpωq as the Fourier transform of fpxq,
and the formula on the left defines fpxq as the inverse Fourier transform of cpωq.

Fourier transform: f̂pωq � F pωq � Frfpxqspωq �
» 8

�8

fpxqe�ixω dx

Inverse Fourier transform: qF pxq � fpxq � F�1rF pωqspxq � 1

2π

» 8

�8

F pωqeixω dω

These formulas hold true (and the inverse Fourier transform of the Fourier trans-
form of fpxq is fpxq — the so-called Fourier inversion formula) for reasonable func-
tions fpxq that decay to zero as |x| Ñ 8 in such a way so that |fpxq| and/or |fpxq|2
has a finite integral over the whole real line.

There are many standard notations for Fourier transforms (and alternative defi-
nitions with the minus sign in the Fourier transform rather than in the inverse, and
with the 2π factor in different places, so watch out if you’re looking in books other
than our textbook!), including

f̂pωq � F pωq � Frfpxqspωq � 1

2π

» 8

�8

fpxqeixω dx

and qF pxq � fpxq � F�1rF pωqspxq �
» 8

�8

F pωqe�ixω dω

(which is the one in the current Math 241 textbook, I think).

Properties and examples.

The Fourier transform is an operation that maps a function of x, say fpxq to a
function of ω, namely Frf spωq � f̂pωq. It is clearly a linear operator, so for functions
fpxq and gpxq and constants α and β we have

F rαfpxq � βgpxqs � αF rfpxqs � βF rgpxqs .
Some other properties of the Fourier transform are



4 fourier transforms

1. Translation (or shifting): F rfpx� aqs pωq � e�iωaF rfpxqs pωq. And in the
other direction, F reiaxfpxqs pωq � F rfpxqs pω � aq.

2. Scaling: F
�
1
a
f
�
x
a

�� pωq � F rfpxqs paωq, and likewise F rfpaxqs pωq � 1
a
F rfpxqs �ω

a

�
.

3. Operational property (derivatives): F rf 1pxqs pωq � iωF rfpxqs pωq, and F rxfpxqs pωq �
i d
dω
pF rfpxqs pωqq.

The operational property is of essential importance for the study of differential equa-
tions, since it shows that the Fourier transform converts derivatives to multiplication
– so it converts calculus to algebra (or might reduce a partial differential equation to
an ordinary one).

Here are the proofs of the first of each of the three pairs of formulas to give a sense
of how to work with Fourier transforms, and leave the other three as exercises. For
the first shifting rule, we make the substitution y � x� a (so dy � dx and x � y� a)
to calculate

F rfpx� aqs pωq �
» 8

�8

fpx� aqe�iωx dx

�
» 8

�8

fpyqe�iωye�iωa dx

� e�iωaF rfpxqs pωq
For the first scaling rule, we make the substitution y � x{a (so dx � a dy) and get

F
�

1

a
f
�x
a

	�
pωq �

» 8

�8

1

a
f
�x
a

	
e�iωx dx

�
» 8

�8

fpyqe�iaωy dy

� F rfpxqs paωq
For the operational property we first point out that since the Fourier transforms of
both f 1pxq and fpxq exist, we must have that fpxq Ñ 0 and f 1pxq Ñ 0 as x Ñ �8.
Therefore the endpoint terms will vanish when we integrate by parts (with u � e�iωx

and dv � f 1pxq dx, so du � �iωe�iωx and v � fpxq):

F rf 1pxqs pωq �
» 8

�8

f 1pxqe�iωx dx

� e�iωxfpxq
����x�8
x��8

�
» 8

�8

iωfpxqe�iωx dx

� 0 � iω

» 8

�8

fpxqe�iωx dx

� iωF rfpxqs pωq


