Part I: Core problems

These problems are from the book Thomas’ Calculus Early Transcendentals Custom Edi-
tion for the University of Pennsylvania.

1. SECTION 14.1: FUNCTIONS OF SEVERAL VARIABLES

2. Find and sketch the domain of f(x,y) = cos™'(y — 2?).

3. Find and sketch the level curves f(x,y) = ¢ on the same set of coordinate axes for
the given values of ¢ (that is, we are sketching the contour map of f):

flz,y) = 2?4+ y*c=0,1,4,9,16,25.

4. For f(z,y) = Vi—T,

e find the domain,

e find the range,

describe the level curves,

find the boundary of the domain,

determine if the domain is an open region, a closed region, or neither,

decide if the domain is bounded or unbounded.

5. Match each set of level curves with the appropriate function:
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x
. At what points (z,y) in the plane is the function f(z,y) =

Sketch the surface z = f(x,y) and draw several level curves in the function’s domain
for f(x,y) = 2% + 3>

Find an equation for and sketch the graph of the level curve of the function f(z,y) =
Va2 — 1 that passes through the point (1,0).

Sketch a typical level surface for the function f(z,y,2) =z + z.
Find an equation for the level surface of the function f(z,y,2) = In(2? +y + 2?)
through the point (—1,2,1).

o0

Find and sketch the domain of f(x,y) = Z (f) . Then find an equation for the
)
n=0

level curve of the function passing through the point (1,2).

2. SECTION 14.2: LiMITS AND CONTINUITY IN HIGHER DIMENSIONS

. Find the limits:

: 32 — y2 +5
) lim @ ——%——,
(@y)—(0,0) 2+ y2+2
. evYsinx
° lim
(x,y)—(0,0) T
. y+4
° lim ,
(z.y)—(2,—4) v2y — xy + 422 — 4o
y7£7471l7é12
e lim (sin®z + cos®y +sec? 2),
P—(m,m,0)

Yy .
continuous?

. At what points (z,%) in the plane is the function f(z,y) = In(z* + y*) continuous?

. By considering different paths of approach, show that the following functions have

no limit as (x,y) — (0,0):

L4 f(xay):_ - )
Va2 +y?
_ vy



xy? —1

5. Show that the limit does not exists: lim )
(@y)—1,1) y—1

6. Does knowing that

2,,2

2|zy| — % <4 —4cosy/|ry| < 2|zy|
tell you anything about
4 — 4cos/|zy|
(2,)—(0,0) |2y ’

Give reasons for your answer.

7. Find the limit or show that the limit does not exist:

. 3 — :vy2
hm —_—.
(z,9)—(0,0) 22+ y?

3. SECTION 14.3: PARTIAL DERIVATIVES

1. Find 0f/0x and Jf/dy for:

o f(z,y) = (zy — 1)
1

o f(z,y) = et

o f(z,y) =aY,

o f(z,y) = x? In(x),

o flx,y) = (wy)",

2. Find the partial derivative of the function with respect to each variable:

5 2
W(P,V,8,v.g) = PV + VQ!; .

3. Find all the second-order partial derivatives of f(x,y) = arctan (y)
x

4. Verify that w,, = wy, for w(z,y) = rsiny + ysinz + zy.



. Let w = f(x,y,z). Write the formal definition of the partial derivative with re-
spect to z, df /0z, at (zo,vo, 20). Use this definition to find df/0z at (1,2,3) for
f,y, 2) = 2y,

. Find the value of 0z/0x at the point (1,1,1) if the equation
zy + 22 — 2z =0

defines z as a function of the two independent variables x and y and the partial
derivative exists.

. Show that f(z,y, z) = 2? + y? — 222 satisfies the Laplace equation, that is,

0? 02 0?
L )
ox?  Jy? 022
. Show that the function w(x,t) = sin (x + ct) + cos (2o + 2¢t) is a solution of the
wave equation

Pw  ,0%w

o~ o

. Show that u(x,t) = sin (ax)e™? satisfies the heat equation:

or _of
o~ ot
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