
.

MATH241

LECTURE 4 : Method of Separation of Varielles I.

(~ Chapter2 )

Summary so Jan: we have obtained the head guation from

physical principle,then we added boundarycontation,and solved

the quilibrium problem.

Good new . To solve the(time-dependent)head equation,

Remark. The homogeneous heat equation we=kuxx is linear

and this it satisfiesthe Principle of superposition

" If niwas solve the a linean homogeneous equation, then ang

linese combination custeaua also solves ob".

W :

 To

 c.noteaua

Ex uit =kuixels

ugg= Kuzxx ,tranz)== 0.44+Cauze= c.kultateakuaxe

= k (a,a,teahz )xxx.



[section2.o]Head eguation with zero temperature at finite ents.

Wewill first solve the folloning problema :

Isinear and

homorealous .

uq = kuxx , Oaxah ,too PDE 7 .

a (0,0)= 0

aChut)= 0 (inclending BC ).

a (x,c)= f(x) IC

•Method of separation of Vercelles

Key point:We look for solention that can be written in the

u (x6) = 0(*) G(6)

Consequences:

ut= kuxx s1/3(66)G(O)=kJ ($(5)G(A) -

*(+)6'(6)=kd"(+)G(6) -

d' (x

GL6
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Question: Notice that I call only dependsont,while

sa and depends on t . How is then possible that

they are egual ?

→ The conclusion isthat both terms have to be constant ,

the same constanta

I G'(d)- o"(x) and (we choose and for later conveniese).

k G(6) DO

 called the "separation constant". no

→ Therefore,we have to odes problems to solve:

o G'(6)= -xk G(6)

w $"(x) = -xd(+)

 SRPS

In summary,so for the steps are :

1. Let u(x,t)= G(6)&(*).

2. Use the PDe to find an ODE fo G(6) and another for6 +).

(depending on the separation constans-d ).



3. Time - dependent ODE : G (6)

G'(6) = -dk G(6) First- order linean nonopeeons ode with

constead coeficals.

Jo(t)= cetat !(we will come back tothis)

4. Boundary Value Petlem: 6(a)

6"(x)= -18(*)

In this step we include the BC of the problem (notice ,

toweren, that we are not using the initial condition jet ) .

Tic

Wehad that a (0,6)= 0 Į so in terms of Go

a(2,4)= 0 s

 d(0) = 0

a (0,6) = 0 (0) G (6) =ooo` G(6) =0 forall t (trivial sol.)

eCL,6)= $(L) G(6) = 0 - d(L)=0

"G(6)= 0 fa all t . (tricial sol.)

Therefore, the Bup to solve is :
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mon- zero

 om

Nee

*" (+)+ 16(x)= 0 ) The Isolentions are called

&(o)= 0 Bup eigenfunctions with of the conesponding

6 (L ) = 0 eireualue.

weneed to distinguish fourcares:

dza so razistai

2) X = o arzo (double)

3) d=-aco or= == 4

4) I complex (wewill not consider this:wewill prove leter

that thas tobe read ).

• Findingthe eigenvalues and eigenfunctions:

Dlaatso

 is r + a = 0 sr = t a i , so

cos

6(=) =c,cos(at) +casia Cax).

Imposing the boundary conditions,

$(0)= o = c. 1

d(L) = o = 4.cos(ah) + ca sin (ab) . çao(then dro)

' sie Cab) = o .
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sin (ah ) = oa ahant with n = 1,2 ,... o

-

a x =( 1 ) n=1,2,...

The corresponding eigenfection is $(x)= ca sin( 7 )

» d= 0

&"(x)=0 l, d(x)= cixaca

o(o)= d(L) = 0 $(0) = c2= 0

$(L)= a,b tea

So lzo is not an eigenvalue. c = ca= o = 0

3) d = -xoco

 tezene

&"(x) =x6(x)= 0 ~ m = x or= tax $(x)=c,e

which can also bewritten as

6(=)= cocosh (x) + cu sinh(x).

BC 6 (o) = co= 0

1 $(L) = % cash(L ) +Cu sinh(L)= 0 ca= 0 > (3 =c4=o .

Thus , 12 -22

d = -oaco is not an eigenale.



In conclusion , the summary of step "4. Bup" is :

&"(x)++ 6=0 } af has positive eigenvalues given by

d(0)= 0(L)=0 J[An=(-23).with eigenfunction(Baba)=sin(1972).

s. Product solutions.

We have obtained that

a (a,b) = $(*)G(6) is a solution rue =kuxx

of qu(0,6)= u(L.6)=o . id

That is,

G(6)= celkt |with d=(hay unahan

$(x) = sin (Tix)

at a la Cos)= 8sn(12 ) KEJE).nela,

. arbitrary content on= 1,2 , ...

to account the initial condition

Remark :We haven't take

" (t,0) = f(x).
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6. Initial Value Problem (IUP).

 an

Right now , our solation does not satisf the initial

condition.

a(t,0)= S(x) ÝBsi (24 ) Caless f(x) happens tobe

- a multiple of sin(m2 ) ).

Example: Solve up = kunt

acab) = 4(2,6)= 0

a(x,o) = 45i(32x )+7 si(857 ) J

- Netice that by linearity ("superposition prciciple"),

we can split the problem in two:

esg =k uix 1 u2g =kuaxx

u,(0.6) = u(L,1)=0 l ua(0,6) =ua(L,6)=0

",(4,0)= 4sin(397 ) J uz(t,0)= 7sin(8 ) )

The solution to the original problem is uG6) = 4,(t. )4u2(xt).

Now , we have the solution for each problemi

4,( t)= 4 sn(35+)eklent ,

12(26) = 7sa(8t)et( 8)
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- Principle & Superposition :

Since the problem was lisse and Lomogeneout, and

uCab)= B sin(mur)

e t is a solution fa n=1,2,...

and linear combination is also a sclatica:

Ju(tab)= I on sin (m2 )ekst

ra

Remont. This allows for more general initial data :

"(t,0)= f(x)= 1 Bn sin(1 )

Clain: Chapter3 ](Fourie series)

" Anya function can be written on infinite linear contination

og sies sw = 1 Bn si (2 )

Therefore, the solention toour problem is:

|CCG,A)= 1 Bnsina(m2 )et la
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2. Finding Bn: orthogonality of Sines.

under the assumption of the pressions clacin , how aswe

find the constants Bn so that sw = i Basi (mm ) ?

Thatis given f(a),how tocompute Br?

•Proposition:orthogonality of the leige Inctions sin(1 )

I sin(M2M) -(- ) =20 min num = 1,2,3 ...

Peof: Homework .

Let's see how to use this property to find Br.

Intuition: The functias sin(15 ) are the cedars of an orthogonal

basis,and f()is written as a linear combination of the

besis redar. The det produd here is defined as the

integral over [o,h ]:

353,... { ,w = c,ü,+...+ en an aciz bu

5;.Jjzo itj J 3. 5 = c;J; J;
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We start with

G)= I Bnsin(m )

- Multiply by sa(m2 ): JG)si(max)= Io,sile )si( 2x).

Integrate from aso to xzL: nai

X

Siswa(2 ) - Eo falez)=(

3

hal

 so
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is man.

(30)=( 3)or=Bule(4 )

- Isolera e san(5) con


