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LECTURE & Fundamental PDEs I
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we continue the derivation from physical principles of the

prototypical PDev. Last lecturewe obtained the heat equation

(also called the diffusion equation ).

New wewill proceedwith the teasportand wave egration.

2 Derivation of the traspad egration.

Considen some substante noving at constant velocitycalong

a 1-dinasicaal line (for excomple,a pollentens suspended in a

liquid which neves along a pipe at constant velocity a).

Denote plast) = (mass)density of the pollutant)

PDE fa e? . Remark: Weconsider ]

that the diffusion effects

•Mass conservation. To O acol are negligide. I
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• Model forthe (mass) flux?

o(at)=cp(at) ~ Thefastest thefluidnoves,the more

is

1 mass comes in " .

I Jatuition : moss

mass

$ . notimexarea time

ļ

1- d .

mass in = p Ox = pch s ozco

on summary, the (lengan) treasport egnationis:

Sextapao Transportegration.

Remach : One canalso model situations where the velocity

of the fluid depends on the density of the pollentand czele

obtaining a neolineas treaport PDE .
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• We already know how to solve the Clinean) treasport

egnation :

potepaco ? Characteristics curves:*(t)=ettto

e(t,0) = P (s) }

- 1 sle Cattro,t))= cxplettte,6)=ce=e(t,0)=po(t)

a p(x,t)= pe(x-ed) f.

For example,if pow={ vand then

/ / _

O< x < 1

to exam

 lo , otherwisewire

t = o

 . as iten

Thatis the initial profile is simply treaported to

the right with constant relocity c.
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asDerivation of the wave equation.

• One-dimensional case: Vibrating string

Considee a string on a plane. Assume that

1) It is very thing (1-d) and homogecons (@(t)=cle).

3)Completely fleaible (to forces onlyin tengatial direction).

3)Small displacements and sebacities.

4) Only vertical displacements utthat's

u( t) - thuhet

- » ia

Let's apply Newton's law to a very small piece:

xth

f(xthub)

T(+4)

[Horizontal ] 0 = 1,(x+h)-T,(*)

[verliced ]- chust(xthe)= Tz(x+h)-72(+)

e vh + 0(u?) a ph
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•Tota : taget veda ž(*)= (1,ux(x-4 )

This (2)= T 3(x)= I 2W - and so

- T

1 lataxxx)}

Ti= 7.(1,0)= 1 1111

a = 7.(0,1) =T ux ~ Tux

 W

11th a

1 - - 1-42 +0(44) 1 if kual= &eet.

Taylor expension

Therefore,

[her ] - T (=th )= T(+) a Tzde.

[ve. ] → phura (athie) = T (ualath)-ua(x)

spues(at)= Tux (at) a

o uso =c? max (1-4) WAVEEQUATION.

( Tis a modulus, e is the desity)
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Two - dimensions : Vibrating drumhead

- ulang,b) (some assumptions: onlycoatical

1 movement .... )

&D

 Surface that describes the dramahead :

(xy- e(x,y)).

Tagar rectas: (1,0,4x)

- (oluy).

This tangent face : 7~ T,(1,04x)+ Taco,lug).

(again reunat, Kanzan).

Newton's law : (on anarbitrary region D)

. ) und Ey dxdy = i.co,o,ldds [vertical ].

gives that (not easy )

The horizontal balance

B (x-y )

T =171= 1 ttl =ete ( Tarta) = T ñwith

ñ = outward unit normal todo .

Then,we have that



(I. IN

Seleo)usa(e.jhudy= {(Tinx +Izny ds=

B = {(1, 12).On ds= Str.Inds.

Finally,wecan applyGreen's theorem to findthat (*)

Spass didy = so.(Tongelady, and sice Dis arbitrary,

we

.

 puto = 0.(TD.)= T Du su c DulWAVE EQUATION

in IT" .

(on that the

JO
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