
MATH241

LECTURE : Method of Separation ofVariadesII (~Sec.2 .5 )

[section 2.5.1]Laplace equation inside arectangle .

. It can be slown that the equilibrium(on steady-state temperature

Ia two-dimensional flat region satisfies the so-called

Laplace equation : (nohead generation).

su G.,) = 0 m uxlagtugg(< = 0.

As an exercise,wewant to find the equilibrium temperature

in a rectangular region when we are given the temperature at

the boundary (Jour sides):

PDE: uxx tuyg = 0; oxxah,oxyeth. Is

ic

oxyeth ,

osv

B.C.: " (0,y)= g, g),

act.g) = gz ( ).

a (a,0) = S,(a),

ca (+.H )= fa(a). oaxat .

Remark. For this time-independent problem,weare not giver on

nitial condition . If the Bc.were all insulation (for example)
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then the solution wouldn't be unique Cremenila the 1-d

version j.

We have four monhomogeneous BC. Butwe can use that

the problem is linson :

If (4.,)xx +(",)y = o ) (uz)ax+(42)yy=0 )

4,10.g)= g. ) uzCo,y)= 0

",(2,3)=0 Į na(haa)= gefo analogors for

a,(x,0)=0 uz(x,c)= 0

",(*_H )=0 J ug(<,th) =0 /

then itis clean that a = 4,+ uztuztuy solves the

criginal problem : inco,y)= g.(g)+0+0+0 = gols

a(2.g) = 0 + ga(6)toto = g ()

usuno

SU

This,we need to solve independently four problems, and

later add the solutions.

Wewill allo show how to solve the 3rd are (the rest are

very similaresthe1st is done in the book ).

Fa clarity, Iwill deate a(x,y)= ag(t ). Theme
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we have tosolve

PDE Sex + Ugg = 0, Orxal ,

Orgah

BC. sloj = 0

 oxya

G(hug) = 0,

s(+,0) = f(t), ocash .

Orxah .

o(a,h)=0 ,

• Separation ofvariables: stog)= 66 )G( ),

Then, substitution in the Pot gives that:

D )G"(=)+ $"()G(G)=0 »

Iss

"

- -VG

. Tuo odes. 0 0"(o)=x*(y)

@ G"(x)= -dG(*) .

From the BC :

isCosy)= 0 = 6 (GG(0) = 6(0)= 0

u(bog)= 0 = 6 (0)G(L) G(b)= 0

o(+,H)= 0 = $(+)G(x ) = $ (H )= 0 Į
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Therefore,wehave a bondary ralne problem for G(A):

We

G "(+) +IG(x) = 0 loerah

G(0)= 0 = 6 (L) S

Wehave solved this before.The eigenvalues/eigenfunctions are:

1*=(1-1 ) nala,

TGCG)= sin( 2x )

. Now we go back to Dwith theeigenvaluesthatwe

found

8"(y)=(1112 Joy)} $(g)=c,cesh(23)+cash(222).

Gh 1casu

$ (H ) = 0

 cas

b &(6)=0= 2,cosh(mat).cesah( 2) as care con una

a $5)=c,cash(as) e con la gent (20)=

ray(cash(22)=(2x)=cash( H)sich(1.2))=

= c,sinh(mm(+- ).

- su



where we have used that siah (at ) = sinh(a)cash(6 )+cash(s)sinha).

The produd solentions are :

neo

"(+-))= Asim(1h )sinh(mm(4-3))

Superposition principle:

"(tg)= I Ansin( t)och(mm(4-3)) [s].

We need to impose the contemagacous condition:

a(4,0)= Ji(t)= I Ansin( at)sinh(12/4 ).

using the exithogonality of an( a)overa20and usb,

{$.a)on(aa)sx= Ansich(st) -

- An=12 13 Godsin(2)de [e].

Thes,the solution is given by [s] with [c]. .

Remain We'dneed to sole 3more problems to getthe solution to

the full prodem in pege-sa-. .ss =

-

A. =

 Is
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[Section 2.5.2 Laplace equation inside a disk.

Asin the previous section ,wewant to study the time-independed

temperature distributica iaand flat region . In this case,

a dist . The temperature a the boundary is given.

x = rcog

g =rsing .

Polar coordinates : a (a,0)

Bulo,g)=1 ( Jan )+1 th a

(notice that the Laplacian opeatar D,a 7, is different

in try and polar cordinates )

The problem to solve is a

h or(2.22 )+1 boto , OSTER Poe ?

S oEEG,E . E

" (8,0)= f(0) , anomen B.C. :)

Wewant to apply the method of separation of variades.

Notice that we have to impose periodicboundary conditions:

a(e. a)= ule,a) ?

wg(2,-2) = "or,a ) JBC .
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Separation of variables: a(,0)= 6(0)8(0)

• Substitution to PDE :

+ (aG(6)8(5)+ 6(6)6"(0)=c -

do)

' a (r,-th) = u (a, m) o(- a)= $(2)

ugle,-a)= a(r,=) = 6 (-2)= 0(5)

•ODEO: (eG'(7)=1,

@ 0" +16 = 0

$(-5)= o(a)

* (* )= $'lad

• Eigenvalue prodam (BUP): (0)

We have already solved this problem (page -48-,-49-), and

(with L= Ta here )

obteced that

a = n , n =1,2,..., d=ood(o)= c .

$(0)= e,ces (no)+casin(no),



Sclentia to o

ar (eG'(a))= xG )was6'(s)=rG"(s)=2G(6)

ofr*G"(c)++G'(a)= *6(a)=0

d =

o r G'(r) = 0, G(x)= e, log (r) + ca

*=* sc PG"(e)==G((o)=n*GG)=c) Eulee equation

The independent solutions of the form G(a)=r":

rap(p-1)po trpreianir too

op(p-1) +p -n = onpont ap=tn .

Thus, G(x) = com ho

|Additional BC: For physical reasons,we impose that the

solution is bounded at the crigin :

u ( 0,0 )= G(0) 6(6) . Gojco.

1. Therefore , 6,= o = c4 and thas G(a)= cra ,n = o . ...
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- Product schentions: u(a,0) = cincos(no) +car" sin (no),

Superposition principle

46,0)= I Anricas(no)+ I Bar salho).

Finally,weuse the nonhomagerous B.C. to determine An,Bn:

a(0,0)= glo)= 1 A.R"Cos(0)+ ESR sé( o).

Using the oethogonaling property of sigo),cos(AO), weobtain

do=1 Lslondo,

dan mera 60 cmhosdo e non so sicedo,n=1,2,..

lo

A =

 0 B - Godo , n = 1,2 ,...

ħRn


