
MATH241

LECTURE 9

MATH241 | More problems.

e

• Solve the following problem using separation ofwar. leo.

"xx tuyyo, Oexeco, oxych,

my(t,0)= 0

ay(x,H)=0

xcoy)= f(g)

 . O .

Questions: 1) show that thereeais's a solution if and

- aloid s sody=o.

e) Is the solution uniquely defined ?

et ulang)= f(w)G(0) -f (w)- G" --. .

BC ngGo)= 0 - G'(o)= 0,

1 eg(x,H)= 0 - G'(H)=0,

ODE: 0 G"(g)+2G(g)=0 / d= 4 , n= 0,1...

6'(o)= 0 =6'(H) Glo)= cos( 2 ) neol..



- F"(2)-po yF(a)=0

n = o = F (x) = x,x + ca

ntoa F(x)= yen cuenta

Remark . Physically valid sclentions should be booded

asautoo . There fore,we take cise,=0 .

hux

Product solation:Alt.g)= A cos(ma ete

Superporiti principle:

ulay)= 1 Ancos(12 )

- An? ux Co,g)=85)

uales)= I amcon( )

exca.2) and the cos(2 )=886).

Using the cathogonality Icosines,we find that

h -

O n= o
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536)com(252)2 =A2 112 2=62 .

o da=2 )com(152)dyinalan

retice what happens when nao:

sad -

EnEl

sowe obtain the condition wewere asked to show .

Therefore, the selection is

luct.)= A & E ancoscomo en enthalten with 1

n = c

 -

Thus,wesee that the solution isnos uniquely defined.

The constant Ao is arbitrary .

→ What is happening ?



Io

Let's think about the plysics of the problem:

- insulated bocaderies

-

 toplay Of

uxCo.g)=f(y) Thatis,we know the flux along that

Regia Oxxco ,

ca

- side.

 .

to remember than the head equation over a 2-d region

is utak Du =kluxxtugo), and therefore we

can think of the replace equation ouzo as the

PDE that desceibes the equilibrium temperature

are that region .

h For an equilibrium toexists ,we need that the

het fle is zero : otherwise the regionwould receive

(o give) enego. and the temperature would increase for

decrease). Mathematically, the condition

Į grobdyzo precisely states that the net onaverage)

flux is zero along the bowdery teo,oxyetha

ero :

 aur

6
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Since the BC. ,with the contition , sody so state that

thereis no nego going in orout, any constant temperature

is an equilibrium solution (notice that there isn't ara

Dirichlet B .C.) .

→ Ifwewere giver on initial condition , thenweld be

able to determine the solution by conservation of

hegy. Indeed,let's see it mathematically . Assume

thas a lary,o)= g(x,y), with glau)dady=o. Consider

the solentica to ex = uxxtugswith the same B.C .

Then,

4 me20 dadya Ionceyo)dady=ff .Ing.Idady

= { van Geo dadya for me so goed af noglehartto

Ida

c)dx = o (be = { flyddy = o) .

o

 is

 e

is

 is
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xos

. o J.

Therefore,sfulass.t)dx dy=ffure ,as dady= fgCo.os dado.

This holds for all tzo, so in particular at equilibrium:

suce adady=ffgenos dady=o,

So orium :

The solution we found

for the replace gration

Wecan compute the first integal :

 antx

fuca.Dandy=f(Auderly Ial l e de

A



X

[Peoblem3,pdf ] Consider &x*"(x)+x8(%)+26(x)=0, lexce,

- locid = 6(6)= 0 .

a)Find all the eigenvalues and eigafunctions.

o) Construct a general solution to

1 xuxx(+ 6) +xux(x,t) = uf(t_t), ketee,600,

given that u(9,6)=0 =u (est) gatzo.

od= 2so

Trywith x : xp(p-1) -2 tapytdxp = 0

p +2 = 0 m p = =lali

s. $(x) = cхlali teostali Cercea ).

Notice that lali - ela tali alilax = cos(lallax)resin(lallax).

Doingthe samewith tlali,we find thei

$(x)= (a,tib.) (cos(lallaa)tisin(kallax)) +

1 +(aztiba) (coolallax) -isi (lallax)) ,where

.. we are writing c,= a, tib, ajaz,b, b,ER .

H <2 = aztiba mula
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Since we are only interestedin real sclutions,we ger

*(*)=(a +62) cos(lallax )+(62-6,)s=(lallax).

Renaming the constant,

D(t)= czcas(lallmx) + ey sin (lallax)

Remark: Wat don't need to show all these stepseverytime. I

B .C . $ (1) = o = ca

& (e) = ca sin Clathe.)= o . ll =nh ,n =1,2 ,...

aro

Thus, t=(nuje wn=l2,.,are eigenales,

with $(x)=c.sin(nulux ) eige function.

lo e or(+&'())=0 3 xd'(=)=c,

ad(x) = e,lo x +22

B .C : $(1) = (2 = 0

8(e)= c,20 (stao isnotaneigenvale
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d =-220: Trywithtop=tlal.

Q(x) = e,talteattal

 as c = c2 = 0 .

Bc. $(1) = c + ca o

- olej = e, elaltezelaltojo

Therefore,there are not negative eigenvalues.

b ) xuxx (+ 6) +x uxCt,6) =ualet), lexce, too,

a (1,6) =0 = u(e,6) .620.

di u(x )= h (6)6(*) -

* xh(6) "(x) +xh(6)**(x)=h'(D)6( )

xb"(x) +x b'(2) = h'(t) = -da

1 0(a) ** oca = = -da

0 h (6 = -h(0)

@x8"(+)+x d'(x)+16(2)= 0

7

 if

 I

 BC. 4(1,6)= o0 d (1)= 0

ace,o =ou 6(e)=o .
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Thes, from sout wo

h= (hmja,n=1,3,... with D(K)=c sin(nh lonxe).

• h (6)= et

Produci solution : a(at)=c sin(aulaw)et.

Superpositica prciciple

alex)= f BnsinGaalawet

The Bn are undetermined sincewe don't have initial

condition

 -os.



Problem 1: Let ula.b) be the temperature in a rod,

That satisfies

ug = 3 uxx +x oxxe 4,too ,

excout) =1

ux (4,4) = 5

u(x,0)=x .

The total energyis defined by £ (6)= J uCoutdx.

Find E(6).

 -

se: Integrate the equation from xec to x=4:

e accesodx=35 man(et)dx+Stade

- uGerson= 3unlady" * * *

axx

dE (t) = 3 (3 - 1) + 43= 12 +56=680

→ E(6) = 68t tc .

Using the initial condition we findica
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Eco)=cezfuc,o dr={ d = 2 *=3.

Therefore, E(A)= 68t+8 ,.

= 68 t + 8

• Problem 4 . Find a(x6): ueru = 7x with u(a,0)= 0 .

Sel: Notice that etisan integrating fada :

54(etult )=7xé * setu(ab)=-7xét+c(2)

we are interestingint !

( [etusunne reco ]ms&(eta)=7net )

Thus ,

 u(a,b)= -7x + c(x)et .

Then, u (x,0) = -7x + c(x) = 04 ( Cx) = 7 % .

In conclusion, ucast )= 7x(et-1),
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