
- [ Problem3 pdf ] Considen (x0"(x) +x6(x) + 26(x)= 0 , exce,

- 16CD = 6 (e)= o .

a) Find all the eigenvalues and eigefunctions.

o) Construct a general solution to

1 xuxx (x-6) +xux (x,t) = ut(+-t), lexee,bo,

given that u ( ,t = 0 = u (e,t) fortzo.

od= 2so

Trywith x :xp(p-DP-2 tapte +dxp = 0

p+2=0 m p = =lali

Thus, $(x)= coxlali +ca tlali (auca€¢ ).

Notice that tali = elmxali dalilanx = cos(kallax)resina(lacht).

Doing the samewith tlali,we find that

$(=)= (a,tib.)(cos(lallaa)tis=(kallax))+

1 +(aztiba) (coolhallax)-isi (lallax)) ,where

we are writing c,= a , tib , ajaz,bubzE R .

(2= agtiba auaa,bubz Elle

o
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Since we are only interestedin real sclutions,we ger

*(x)= (a + 2)cos(lallax)+( 62-6,)sin(lallax).

Renaming the constant,

D(x)= szcas(lallmx) + ey sin(lallax)

Remark. We don't need to show all these stepseverytime I

B.C : $ (1)= 0 = co

& (e )= ca sin Clalle.)= o . ll =nh ,n =1,2,...

are

Thus, tz(naje un=1,2,. are eigenales,

with $(x)= c.sin(nu lat ) eige function.

doo I (+&'(a)=0 & x*(*)=c,a

d (a)=c,la x tez

I ~ x tez

B.C.: $(1) = C2 = 0 (stao is not an eiganabe.

olej= cizo ( dzo is not aneigenale.
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id =-020 Trywith t p = tlal.

1 8(t)= c,xh tea alal

Bc. $ (1) = c + c2 0 7

bled= e,elaltaelalto ac=c2=0.

Therefore,there are not negative cigavalues.

b ) xuxx (+ 6) +x ux (x,t) =uqlash), kexce, too,

a (1,6) = o = u (e,6) 630.

4 (x )= h (6) 6(*) -

3 xh (6) 0"(x) +xh(6) 6'(x) = h'(1) 6(x)

0 h (6)= -h(1)

3 x6"(x) +x d'(x) +26(4) = 0

BC. (1,6) = 006(1) = 0

ulet) = on 6 (e) = 0 .
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Thes, from soudwo

k= (mm) n=1,2,... with D(A) =c sie (nhhoax).

• h(6)= et

• Peodaci solution : cacao)=csin(anlaw)et .

• Supapositica principle

- alat)= 2 BnsinCamlea)et.

The Bn are undetermined sincewe don't have initial

condition
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it arod ,

< x <

• Problem 1 Let uCab) be the temperature

that satisfies

rug = 3 uxx +x oxxe 4 ,too,

excost)=1

ux ( 4,4) = 5

u (x,0 ) =x .

The total eneg, is defined by

Find E(6). ula,b)dx .

"xe

e Integrate the egration from xao to x=4:

theCarida=35 reale aj da+S tore

- t ueejde=3unlaw] - * -

3 (3 -1) + 4= 12 +56= 680

= E(6) = 68t tc .

Using the initial condition ,we finde:
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{(o)=e= fuc,eldrafade= 2 *=3.

= c = 1 ca (a,o) dx = xdx = = & .

Therefore, E(6)= 68 + +8 ,

68 t + 8

• Problem 4. Find u(x6): up-u = 7x with u(x,0)= 0.

ét is an integrating fada :

X

Notice that

(et ul,63)= 7xét metu(at)=-7xét +c(2)

we are interpretinginto

[etuz-are reco]mo (en)=?net )

u(a,b)= -7x + c(x)et .

Then, aCx,0 ) = -7x + c(x) = 0 c (x) = 7% .

In conclusion, acab) = 7x (et-1),
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• Problem Si

so

Colention: We can simply use linearity.

Let w =3u.+50. Wecan check that

we=3uxtJut = 3 Du +2 .34 +3 et sin (x +2y) +

+500 + 2 .50 =

= A (3u+50) +2 (bu+5w) +3 et sin(x +2yJus

we= Ow + 2w +3 et sin (x +2y) v .

m

Also, w Cz.job) = 3 ultgot) +SuCx.put)= 5xy on de

to on or

1

w (4.3,0 ) = 3 ula /s.o) + Sulay.o)= Sco(2x). o .

m
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Problem 9: (Slution)

a (og)= O =ulho) , osyet ,

u(x,o) =ug(x,c)= 0 , 08XEL,

u (IH) = f(x).

Rodi BC.

u(x,y) = F(x)G (g)

BC : aco,y )= 0 & F(0)= 0 ho bup Pat .

a(hay)= 0 F(L) = 0 J

I a(+,o)-ag(x,0)= 0 F(x)G(0)- F(+)6'(o)=co

a G(o)- G'(o)= 0 .

F " (x) G od .

FG - GO

 n

o F"(x)+X F(x)= 0 ton hati

F(o) = 0 = F(L) . (2=(1/2 )

@ G"(g)- Jog = 0 , Gly)= c,cash(12 )+ca sinh(22)

6(o)-G'(o)= 0 SGG" )=ca sinh( )+ 1 cash(53)
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GCG)= 6'(o)= o = e,-ca se2=1her

so Glo)= c. (cash(no) + sich da)).

Product sol:

- ulag)= c sin ( 2)(cash(md)+ suih( 22)).

•Supep.presciple:

usa = 1 Bnsina(m2 )(cash 2)+1 sach( 12)).

•Br? Ninhonagrion BC.

aCa,H)=JG)= 2 Bnsin(nie (cash(anal )+2 sinh(m )).

outlogomality of sine ( ty andCo,L]:

{glo sin (min)dx=1 B (Cash(124)+ sinh(mm ))=

*B,=(cach(at the sch( at) ga sn (min) x -

n = 1
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•Problem 10: (sluction)

"t = Du indi qzero flux

ula..,,o)= floo) Jasulated disk .

Notice that for a disk ,

Ju on(6,0)= up( ,0), since the normal recta points in the

S radial direction .

• Equilibrium solention to eq= 0 ,u(t.god)=u(tuo) atequil.

sowe have tosolve the deplece eguation of Auto

1 [ar(1,6)= 0

(with the extra informationofthe initial data, sowe can

use the conservation ofenergy at the end ).

"(6,8) = F(-)G(O)

LIGCO)& (+F"( )) + F(-)6"(0)=

B .C.: un (1,0 )= 0 f'(1)= 0

luco.o .co

nCr. )= u Cr,-a ) L G (-a )= G(E )

y Cr,I) aug(r,-a) / 6'(-2)=6'(2)

1 -91



E (C.F"())=- Global

o G"(0) +dG(0)=0 L t= n . ;n =0,1,..

periodic Be - GCO) = c,cos(no) teasia ( O) .

ore2 Cr F'(x))= df(r)

hod= o - rf'(o)=cao F(r)= cala(s)+ ca .

Spice Inco,o koa (3 = on.

od = n on = 1,2,..

 F"(() + rF'(o) - n2 F(") = 0

Try with F(r)= po no p = tn .

F(r)= comhtcorn as F(x)= con".

Inco,ako

In summary,

F(x) = can on = o.. ..
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Product sol... (c, cos Cad) +ca sia Cao )

a ( ,0 )=

Supeep.principle:

alo,od= tancono)+ 1 8 r.s= o).

ur(1,0)=0=1 ncos Go)+ Bn. (as) -

= o

n = 0 as An= Bn= 0 fansl. *

3n = c

So aC ,0 ) = Ao. To find o weuse the J.C.:

Surds= fonds= [3 de zo -

ds= constant J& ds

area of equilidrin sol.

whid dink

(*) Resauk : Weknew this willout doing ang computation!

The disk is insulated, the initial temperature distribution

diffuses to a constant value in such away that the
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total energy is the same. This happens when the final

constant temperature is the average of the initial one,
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