
MATH 241

LECTURE 10 J: The Wave

h

• Introduction : Appeanimate Physical Jercination.

Every phenomena of oscillatory character isrelated tothe

so- called wave equation waves in the sea ,

novement of a string on a membrane of a deam, the

propagalia & sound , etc.

Here ,wewill obtain a lineau approximation . We show in

for the rovement of a string :

thin , stretched string,with density p(x).

x x + 8x

 r es

 -Ir

Hypothesisin)The string is perfectly flexible , thatis, it

Jas no resistence tobading. In practice . This

means that the string only excests face in

the teagential direction - Tension face.

2) Small slopes

so Horizontal displacements are negligible.
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Hypechesis D-3) can be removed for more realistic

models, but it is not easy and the resulting equations

are nonlinear (very hard J.

But of course necessary in researes.

(waves in the sece might bewild !

very nonlinear in nature

le

- x x + Dx

→ Nevertheless, the hypothests are very reasonable fa the

study of strings in musical instrumeans for exempe l

• Consider a small arbitrary segmat beture a nd

x+ Dx : eless) - *(x+D+ 6) t= tension face.

7(22) a - a(est)= vertical dislacemas

S from equilibrium .

equilibrium

pritica .

Notice that the graph of the carceis parametrised by

(t.a(es ), so the unit tongens vedar at a pocit & is

# latha (1,ex Gb)) . (st)(suces);

11+ ax(5,65

 Lux(ko)

Žad )
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1. Netice that the slope ata is given by wx(a.s),which

byhyppitesis ay is small . Sowe can linearize for

Taylor expand ):

[num = 1 fa luxleel.

G Ž(x,t)= (^_ux (x,6)).

Then ,we can write the tension face in terms of its

magnitude:

F(x,t)=T(++) (26)=T(E6)Lux(so)).

Finally, let's apoly Newton's Second how far the

segmes of the string between x and x + Dx :

.

X

p(x) Ex utat) = T(x+Dx,t)ex(t. Dx,;)+

(*) mass vertical 1 - T(e;b)ux (x,b ) + p(x) dx Q (ast )

acceleratia , mass body faces

(vertical ) Tensica at such as growing

both ends

(*) The length is approx. Ix because luxleel.

mall slope. d
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Divide by Dx and let DxO to find their

Jet)unt( 0)= 3 (TGD"ACAN)- PG.Q(aut)

The one- dimensional wave equation is

Ther = clean which comes from the above ane

- when p(x)= e-TCG,b)= T, Q(+6)=0,

Boudery Conditions

We can consida many BCs. The easiest mes to interpres

are Dirichletzero BCs,

IA esse

acooo) = o1 ends are

cher fixed with bero dislacaned.

aCL-6) = 0 s

Non-homo geous Dirichlet BC., like a(0,0)= 8(6), mean

that the movement of that end is externally prescribed .

Neumann and Robin BC hace also a physical

interpretation, but less obvious ( see R . Habana
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134 to 136 if interested in the physical meaning).

Basically, a homogeneous Neumann BC.,

ax (0,4)= 0 ,

means that that end of the string can have feel

(but ongvertically ). "

" Indeed remember that the tension force at a pocate

was Tux(G6). So zero Newman Bc means there isno

force acting there ). zero

- Mathematically, the method ofseparation ofvariables

I willwork for all these BCo,as in the heat equation .
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solution : Separation of variables

Example 1: String with fixed ends

PDE une a chuxx . oereh, too,

1.

3c ecoeco, t ) = 0 too

too Hombre

. r

.

alb,t)= 0 pl Directed Bc.)

Ic e (t.o) = fra; ocaeh

que(t,0)= g(t) a initadeocity

'Weneed two initial conditionsbecause the equation

has a second onda derivative in time.

(Think of Newton's law , to know the position at both times,

we need to know how the position and the velocity )

.

sclentia : Les aCx.b) = 6 (*) G(6)

- G(6)=0 ja allt(tein

BC : aco,t) = 6(0) G(6)= 0 ?

Htoo 3d(0)= 0 .

(o = o

a (2,6)= $(L) G(6) =

o G (6)= 0 Htoo ( trivial case)

Vt> o JO(L)=

- 93



We cannot use the initial conditions jer

PDE o G (6)= cd"(m, G(6)

orkiet

1 GOO

o o"(a)+1*(a)=c } unel,2..

0(0J= 0 = $(4) J $(x)= sin( 2 )

G"(t)=-cma 6)

to G(4)= c,cos(niet ) acasia(maca).

1. Thus, the product solutions are

also = (e, cos(nãct ) + casin(nach )) si (nt

and ofthe superposition pocniciple

a = Å(cncos(nicht)=den sin(ren ) sin( 4)

1. Finally,we impose the initial conditions:
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series

*(a,0)= f(a)= { case(5 )

ugG,C)= g(a)= { docomeon(m ) 5( Fourie Sire)

a =  JG)sin(225)se

doante liga)on( agar ,

Exemple 2 Damped ware gration (aso)

PDE una = cuxx -x ego ostel, too

B.c. excost = 0 too

aCd.,* ) = 0

JC : (+,0)= SG )

ut(t,0) = g(x)

Find the solution under the assumption that ac c
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Solution: a Cab) = 0 ) G(6)

exco, D = d'ic)G (6)= 0

a Chut) = $ (L) 6 (1)= 0 d'(o) = 0

d (L) = 0

PDE :

- E Q(x)a"(6)= cd"(x)G(6) -a DC )G'(6 )

ob"(x) ++6(+) 1

d'(o) = 0 = 0(L) J

doo : ė(x) = c,cos(55x) + ca sia (1 x)

$'(o) = ca kh = o9c2= 0

& (L ) = e, cos(ITL) = 0 aL = thnas

od = ((2n +1) 7 j. n = o....

66(+)= c., cos(5 *)

to $(x)= exten3xt ca

d!(0 ) = 63 = 0 ls d = 0 ;

o

 o

och = cato pozog

ico . Ne eigenvalues(...lone before...)
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 G"(+)+Q G'(6) +c2(2 :JJG(6)=0 .nzel..

Characteristic polynomial

ratar + ca 2ne1 zoo

 n

Netice that for at se en assumption givenin thestatement,

Sa ang naowe have that ate (2n415 to.

er= n = cannot avat 2ttiwas

with wa=11 12 13 1

Therefore

Then,

G(W)=ex*(cscos(ant)+ca sia(want)).

Superposition principle

elab)= ie (An cos(want)+ Bn sin(want))cos(2nr ta)
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Initial conditions.

*G,C)=S(A)= I Ancos(ano I ). (1)

46Ca.x)= I (Ancos(want)a Bnsin(uab)cos(22)

(- An an sin(went ) +Basacos neats)cos(Chathu.

buela,c)=g(n)= 1 a2an cos(2 )EM)+

h = o

 (2n+1)5x

n + B .

1 S A. =

- ( An+Banwa)coas(25 ) (2)

Fally, 9) e An- &S JG)cos(2nal2 )dx Andy

(s)to plant Bawa= 2 ( cos(mol = x

S Ball
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