
MATH H2S

LECTURE a

Methed of separation of Variedes I.

We are going to solve the head and wave equation on a

branded interval [0, LJ. The method of separation of

sariables works in many other situations: basically, it is

well suited to deal with linear, home parlons PDEs with

linear and Lomogeeons BCs.

Excomple: Superposition principle for the heat eguation with

Dirichlet

bero BC.

If www

solve at = kuxx , then au taaw also schlue

oculos) = ult,s) J

the problem.

Check

PoE

BC.

hinearity

a, 0(0,0) + 2 WCos)= o( It is crucial that

a, JCL, 6) +Q2W Cox)=0 l the BC. was

1. honoglous-,

We are going to describe the method of separation of

racicables through excomples.



• Example 1

Heal

Equation with Dirichlet Bc.

*4= Kuxx.oexel, tool

BC a(0,6)=0=uChub).

Jc u(a,0) = (()

lection:

Let ulx 6) = $(*) G(6).

Substitute

to the PDE:

• (+) G'(6)=k $"(x) G(6) -

k G(6)

$(2)

c

o separation constant.

function off

function of a

2) The PDe becomes two ODES:

"(x) + d.& (+)=0

@ G'(6) = -dk a(6).

3.

Translate

the BC

to

o,G:

(G(6) Eos a=c;

aco, 6) = 6 (0) G(6)=0 for all tzo da

$(o)=0

alt, b) = $(1) G(6)=0 for all tzoa

(G(6)=0 uzo)

(6)=0

-2-



ou

4) Solve the bandary webere problem (BUP) : That is, the cDE

with two homogesons BC

&"(x) + 28 (2)=c7 T Remach: The values of d for which

o(o)= 0(L)=0 there exist non-trivial solutions &

(.e. fc) are called eige-cakes, and

the cones parding & eigenfuration d

from possible cases:

odso, od=o, oleo, of complex.

we will prove later than this never

happens in our problems

B (under certacia conditions),

odoo: Then,

$(x) = e, costix) = ca sin (x)

BC sco)= c.ro

c250 = 0 (trivial case)

- $(6) = casiat L)=0 i sine (55L)=00

or L = nñ ,n=1,2,..

o = ( 2 )

So, A=( nal, are eigevalnes with

Pa (2) = sin (^2 + y their eige fuction.

ko

1.



1. do 0 () = e,x4c.

d (c) = c2=0

D(L) =c, L 20 octo fedzo.

so to .

So lac is not an eigenvalue.

..deo: $ (6)= e, cosh (FT) + ca sah (I)

$(o)= =,=0

* (L) = ca siah (TXL)=0 sazol

So there are not negative eigewalues.

s) with the values of a found in 4), solve the other ODE:

gilt a celko nal.

6) Any product solention a(b)= en sin (nh the

I solves the PDE and the horroresons BC.

7) Apply the superposition principle:

acast)= e an sin (m2) e) kt also solves the PoE and

the horogoro BC. (*)

8) Use the initial condition to find an:

n

=

1



*(,0) = SG) = I en sia (m2).

- Question: Given and so is it possible to write it as

an infinite series of sines??

bo for the moment we will assume so.

(t) We need certain conditions to guarantee the convergence

f the series, and moreover, that the secues can be derived

term by term.

Exemple 2

Wave Equation with Dirichler BC.

PDE u to = cuxx, oc xah.600 l

Bc. uco,6)=0

GCL,6)=0

IC: a(t,0) = f(x)

- uto) = g(a)

Solution : a (xub) = $(6) G (6)

1G"(6) _ "(-) =-das

PDE: $(x) G" (6)=(d" (x)G(6) as 1 ano

( G6 $(&



 & "(2) +28 (*) = 0

Ø G"(6=-de? G(6).

BC: u(a, b) =$(c)G(+) = 0 - $(c)=0

- a (h. 6) = $(L) G(X) =C (L) =0.

Notice that 0 0"(G) + 66 (2) =0( is the same cégevalne

S $(0)=o=0CL) s problem as before

E Solation. In = ( una

1 Dn (w) = sie (===

@ G"(t) + (- / je  G(6)=0 -

- G(6) = An cos (net) + Bn sia (mnet)

There fore, produci slutions:

an (aut) = ( An cos (anch) + B, si (mch) sin (1977)

Supeap, principle:

ulas) = { (An cos (meh) Basin (anchy) or (124).

CA

-

6-



• Initial conditions:

a(t,0)= JG) = I An sin (2x), no Any T we believe this

"85,0) = g(W = F Ba nu e sim (na) no Band the moment d.

'

is possible

for

Exemple 3 Heat Equation with Neumann BC.

PDE. ut = kuxx, Oaxah, 630 ]

exco_o)=0

ex (b,6)=0

a(4,0) = S(-)

Solutions alast) = 6G)G(6)

PDE  6'66! =D'(x) = -1

1. ń G(6) $6).

BC: exco,o)=&'(0JG (6)=0 36'(o)=0

ex (26) =0(L) G(6)=0 $'(L) =

BVP:

0"(x) + X0(x)=0

=

o=

6 (L)

Į we need to consider too, d=0,

1. deo (d complex),



2

co (trivialase)

odoo. !6) = e, cos (8x) + es sin(kx)

d'(x)=-c.hr s=([^=) = calicos (I)

$'(o) = ca khao c2=0

&'(L) = -0. IT sin (DL)=o ga

o sin (ITL)=0

to do = (a nal.

Se du = ( ) unal, are eigewalace,

with $(a)= e, cos ( 2 )

od=o: $(x) = coxtel Scd zo is an eigenate

d'(o)=0.50 l 6 (+) = 1.

6 (6)=0, sh J

d<

o:

6 (=) = c. cosh (fix) = ca sinh (x)

*'(x)= ah sih(la) + 22 h cash (fax)

d'(o)= c. hzo c2=0

D'(L) = c. n sah (ITL) =09c,=0.

So no negative eigenabes.



In summary, Au= ( 12 ) unao, are eigevalnes, with

1 Pn (A) = ces (174) eigeftos.

Solection for 6(1):

- kt

G' (6) = - (2) KG (6) G(6)= cet

Superposition:

(26) = 2 An cos (ma e fight

IC: MGO) = JG) = 2 Ances (y no And

C (we will see how).

-

Many other possibilities: variations of the PDE, mixed

BCs, Robin BCs,...


