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Problem 1 (20 pts) Consider the following partial differential equation
Uy — Mgy = —2Ug — Uy TOOT < oo, t > 0. (1)

Part a. [7 pts|] By choosing an appropriate change of variables (coordinate method),
show that the equation can be rewritten in the following form

1
Ugy = —Z”ﬂv (2)

where &, 7 denote the new variables.

Part b. [7 pts] Find the general solution of (2) in terms of n and &.

Part c. [6 pts] Assume that the general solution to (1) is given by
u(z, ) = f(2t +z)e 3% + g(2t — ),

with f, g any arbitrary smooth functions. Find the solution to {1) together with the initial
conditions
u(z,0) = —e7%, w(z,0)=0.
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Solution (Problem 1):
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Problem 2 (20 pts)

Solve g, — YUy + 2u = 1,u(z,1) =0. In what domain in the plane is your solution
determined?

Solution (Problem 2);
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Solution (Problem 2):
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Problem 3 (20 pts): The solution to the heat equation on the real line with initial
data the Heaviside function,

U = kg, —00<T< oo,t > 0,
w(z,0) = H(z),
is given in Page 2. Using this fact, prove that the solution to the general inhomogeneous
problem
uy = kuge + f(z,t), —00 <& <00,b> 0,
u(z, 0) = ¢(x),
is given by

u(z,t) = / " S(z -y, H)P)dy + [ t [ ™ S(z—y,t —7)f(y, T)dydr.

You may assume that ¢ and f are differentiable functions vanishing at infinity.
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Solution (Problem 3):
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Problem 4 (20 pts) Consider the following wave equation on the real line

Ugy = Mgy — U, —00 < T <00, t >0,
'“'(x?o) = (,b(:B),

Part a. |5 pts] For a > 0, show that if

[:ww%mw,[awm%mm,[gwm%mw,

then

/ |ue(z, 1) [*dz < o0, / lug(z, )|*dz < o0
-0 -0

Part b. [5 pts] For o > 0 and initial conditions given by

HA

fz) = sinz, Y@ = T

show that the initial value problem has a unique solution.

Part c. [5 pts| In the same conditions as in Part b., show that the solution to the problem
is an odd function in x for all time £ > 0. You do not need to find the solution.

Part d. {5 pts| Let o = 0. Given the initial conditions below, plot the solution at ¢ = 1,
u(z,1). Clearly indicate the maximum value and the support of the sotution (ie., the
values of z for which u(z, 1) is not zero).

¢($):{e"‘“ﬁf, “l<e<l oo,

0, otherwise,
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Solution (Problem 4):
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Solution (Problem 4):
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Problem 5 (20 pts) Solve the following inhomogeneous diffusion problem on the half-
line:

wy— Kilag = Tzt for 0 <z < o0o,t >0,

w(0,t) = h(t), for0<i

w(z,0) = ¢p(z), for 0 <z <00
You can use when needed any formula from the cheat-sheet provided on page 2. All other
steps must be shown.

Hint: Define a new function v(z,t) in such a way that it satisfies a new problem with an
homogeneous boundary condition v(0,t) = 0.

Solution (Problem 5):
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Solution (Problem 5):
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