The wave equation on the disk

We’ve solved the wave equation
_ 2
Uy = C (uxz + uyy)

on rectangles. Now we’ll consider it on a circular disk 22 + y? < a?. Of course, it’s
natural to use polar coordinates so we rewrite the wave equation as:

1 1
Uy = 02 <;(Tur>r + ﬁuee)

and solve for u as a function of r, 6 and t.

We’ll assume homogeneous boundary conditions
u(a,0,t) =0
and of course that u is periodic with period 27 in 6.

And we’ll have the standard initial position and velocity conditions:

u(r,0,0) = f(r,0) u(r,0,0) = g(r, 0).

To begin the separation of variables process, we’ll first separate out the time vari-
able. So we assume

u(r,0,t) = p(r,0)T'(t)

and transform the wave equation into

1 1
QDT” — 2 (;(T%Dr)r + ﬁgo%;) T

and so
T %(TSOT)T + ,%%000
p— pr— —A
AT ©

which gives us the equation

T" + \*T =0
for T and (multiplying by r%yp)
TQSOTT + TPy + Yoo + )‘T290 =0.

This is equivalent to the Helmholtz equation (or reduced wave equation) for ¢, namely
Ap + Ap = 0.

Next, we’ll separate variables in the Helmholtz equation, so we assume that ¢(r, 0) =
R(r)©(0) and we get

r’R"O + rR'© + RO" + \r’ RO = 0.
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We divide by RO and rearrange a bit to get:

2R"+rR + MR B _@” B
R RS

for a constant p. This gives us the © equation

Q" + ud =0,
and since © must be periodic with period 27, we get that © = 0,1,4,...,n%, ... and
© = a,, cosnb + b, sinnb.
Since we know ;1 = n?, we get that the R equation is:
R’ +rR +(M? —n*)R=0
and the boundary conditions for R are R(a) = 0 and R(0) is bounded.

If A > 0, we can make a change of variables in the R equation that will eliminate
A from the equation. Let = v/Ar. Then

dR de:z:_ )\ﬁ and @_AdQ_R
dr ~ dx dr dx dr? dx?

and the R equation becomes

The equation

is called Bessel’s equation of order n.

Solving Bessel’s equation.

We're going to solve Bessel’s equation using power series. But because of the
coefficient 2 in front of d*R/dx?® and x in front of dR/dz (which are zero when
x = 0), we can’t assume that R has a standard Maclaurin series. Rather, we assume
that R is some power of x times a Maclaurin series, so

oo o0
r) = 1° E aprh = E apxtt

We assume s can be chosen so that ag # 0. We then have

Z (k+ s)apx™ " and R'(x Z (k+8)(k + s — 1)apa+2
k=0 k=0
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We substitute this into Bessel’s equation and obtain:

o0

Z(k +8)(k+ 5 — Dapz™ + (k + s)apz™™ + a2 — n?aq 2" = 0.
k=0

Simplify a bit to obtain

o o)
Z((k +8)2 — n?)apx e + Z o™ =0
k=0 k=2

or
(s* = nHagr® + ((s + 1)? —n?)ayz*t* + Z (((k+ s)* = n®)ay, + ag_s) 2" = 0.
k=2

Since we need every coefficient to be zero, we get from the first two terms that s = +n
(since we assume ag # 0), and then we have a; = 0. Because we want R bounded
when x = 0, we’ll assume that s = +n. Then we have the recurrence relation

((k+n)* —n*)ar = —a—

or

. — W2
T k@Rt k)
From this we see immediately that a3 = a5 = ay = --- = 0. For the even coefficients
we have
ao ao
a2 = — e f—
2(2n + 2) 22.1-(n+1)
as as Qo
as = — = — =
YT 4@n+4) 0 2-2-(n+2) 2420 (n+1)(n+2)
ay ay Qo
a’G = — = =

6(2n+6)  22-3-(n+3)  26.3l.(n+1)(n+2)(n+3)

and so forth. If we set )
@ = 21!
(—1)*

~ 2 2REI(k + n)!

then we’ll have

A2k

and so
€T > n+2k

(DR
h(z) = % Kk + n)! (2
This last function is called the Bessel function of the first kind of order n and is

usually denoted J,(z). This definition can work for all n > 0, whether or not n is an
integer, provided we come up with a definition for (k + n)! when n is not an integer.
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A few observations: .J, is an even function if n is an even number, and is an odd
function if n is an odd number. Jy(0) = 1 and J,(0) = 0 for n > 1. You could write
out the series for Jy as

x? xt a0

J()(I):l———f-—

2 T T pgp T

which looks a little like the series for cos z.

In the homework from a month or so ago, you showed that the Bessel functions
have infinitely many zeroes that are spaced about 7 apart.

You can prove the following formulas using the series:

%(xnjn(:v)) =a"Jp_1(z) for mn>1 (1)
%(m_”Jn(x)) =—x "Jp(z) for n>0 (2)
and using these you can show
J(@) 4+ 2 (@) = Jua (2) (3)
J(2) = 2 (@) = =T (@) (4)
2J,(x) = Ju-1(x) = Juga (@) (5)
2 1u(1) = Jua(a) + S (0) (©

Orthogonality

We know that J,(z) has infinitely many positive zeros, and we will denote these
by zum for m = 1,2,3,.... In order to expand a function f(z) in terms of a fixed
Bessel function, i.e.,

flx) = Z A I (Znm @)

we need orthogonality relations. Here they are: If m # k then

1
/ T (Znm®) Jn(Znex) dz =0
0

and .
1
/ P(Jnn®) 2 = 3T (o)
0
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In other words, the functions J,(2zu,x) are orthogonal on the interval 0 < z < 1 with
respect to the weight function x.

To prove these, we begin by writing Bessel’s equation of order n as
1 n?
y//+_y/+ (1__2)y:()7
x x

and we know that a solution of this is y = J,,(x). We can use a change of variables
similar to the one in the middle of page 2 to show that if « is a positive constant,
then the function u(z) = J,(ax) is a solution of

1 n?
u” + —u + ( 2——2>u:0.
x x
Likewise, if § is another positive constant then v(x) = J,(5x) is a solution of
1 2
v+ =+ <52—n—2)v:0.
x x

Here comes the Wronskian! Multiply the u equation by xv and the v equation by xu
and subtract them to obtain:

d / Ny (A2 2
. (x(u'v —v'u)) = (6% — o) zuv,
then integrate from 0 to 1 to get
1 =1
(5 =) [ wdufax)dy(5e) dn = (ol ax) o(52) = T, (52) (e
0 =0

So if a and [ are distinct positive zeros of J,(x), say o = z,,, and 8 = z,, then

1
(’ZTQLm - Zik)/ mJn(znmx)Jn(anaj) dx =10
0

which proves the orthogonality of J,(z,mx) and J,(zz) on 0 < x < 1 with respect
to the weight function x.

We'll leave the integral of x(J,(z,,2))? as an exercise (you start by multiplying
the u equation by 2z?u’ and integrating).

Starting from these orthogonality relations, we can derive the Fourier-Bessel series
expansion in the same way we did for ordinary Fourier series:

For a piecewise smooth function f(x) on the interval 0 < z < 1, we can express

flz) = Z I (Znm @)
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where

Ay, —

9 1
] /0 rf(x) Sy (2pme) d.

Jn+1 (an 2

The series will converge to f(z) wherever f is continuous, and to the average of the
left and right limits of f at points where f has a jump discontinuity.

Back to the wave equation

Where were we? We had separated variables in

Uy = 2 <%(rur)r + %U(ae)
to obtain:
T" + 2T = 0,
0" +n*0 =0
(where we know that n =0,1,2,...), and
R+ rR 4+ (M? —n*)R=0
(where we need R(a) = 0, where a is the radius of our disk).

We now know that if we set z = v/ Ar, then the R equation becomes Bessel’s
equation

d*R dR
2071 alv 2 2\p_
xde—i—xdx—l—(x n“)R =0

which has solution ¢J,(x) = ¢J,(V/A7).
To satisfy the boundary condition we need J,,(vAa) = 0, so we’ll set
Ay = (Zn_m>2
a

for n > 0 and m > 1. Our corresponding eigenfunctions are thus

Ry (1) = J, (%%) .

We know that the solutions of the © equation are cosines and sines of nf. And
now we can solve the T' equation because we know what the As are:

Tom(t) = Acos(v/ Anmct) + Bsin(y/ Apmct).
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We put it all together and get

u(r, 0,t) Z Z In( an ) cos(v/ Anmct) (anm cos nb + by, sin n@)

n=0 m=1
+ Z Z I ( nmr ) sin(y/ Apmct) (cnm cosnb + d,,, sin n@)
n=0 m=1

The first double sum will take the initial position u(r,6,0) = f(r,8) into account,
and the second double sum will take the initial velocity into account.

To calculate the coefficients (we’ll just do the a,,, and b,,, and leave the others as
an exercise), note that we need

f(r,0) =wu(r,0,0) Z Z In( nmr (@ cOSNO + by, sSIN MG

n=0 m=1

If we view 6 as the variable and r as constant for the moment, this becomes an
ordinary Fourier series for f(r, ), so we have

o0

ZGOmJO(\/)\Omr / f(r,0)dd for n =0,
m=1
Zanm n nmr / f(r,0)cosnfdf forn > 1,

brmdn (A Aum?) = / f(r,0)sinnfdf for n > 1.

m=1

But the left sides of these are Fourier-Bessel series, so using the results of the previous
section we finally obtain the coefficients:

iﬁ/:r/oarf(r, 8)]0(\/)\()_mr) dr df

/arJo(\/E )2 dr

/ / rf(r, 0)J,( nmr) cosnb dr df

A, = forn>1m>1

/ (v A ) dr

/ / rf(r,0)J,( nmr) sin nf dr df

/ r (Do )2 dr

0

aom = forn=0,m>1

forn>1m>1

bnm =
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and the denominators are given by

a a 2 2
/ rJn(V Anm r)2 dr = / rd, (Zn—mr> dr = %Jn+1(znm)2.
0 0

Exercises

1. Prove formulas (1)—(6) concerning Bessel functions.

2. Multiply the Bessel equation

1 n?
U”—FEU/‘F( 2_P)u:

by 22?4’ and integrate from 0 to 1 and show that

/1 Jo(ax)*d —1J’()2+1 1—"2 Jn()?
Oxnocx x—zna 7 o2 nla)”.

Then put a = 2, and conclude (using formula (4)) that
' 2 L o _ 1 2
TJp(Zam@) de = =J (Zpm)” = =Jnt1(Zom) "
; 2 2

3. Calculate the coefficients ¢, and d,,, in the solution of the wave equation.

4. Prove the formula
n+2

“ o a
/O x”“Jn <?> dr = Tjn+1(Oz)

and use it to solve the problem (with circular symmetry, so there’s no dependence
on 6):

0? 0? 10
4 16( u —u), O<r<l1,t>0

or ar? ' ror
with boundary condition u(1,¢) = 0 and initial conditions u(r,0) = 1 — r? and
u(r,0) = 1.
(Hint: I think the answer is
u(r,t) = i Jo(zmT) {% cos(4z,t) + 1 sin(4z,,t)
23 J1(2m) 222 J1(zm)

m=1

where z,, is the mth positive zero of the Bessel function Jy(z). You'll need to
use identities (1) and (6) and integration by parts to get it into this form.)



